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On a Flat Spread- Sphere Geometry in Odd-dimensional 

Space. 

By J. ElESLAND. 



§ 1. Introduction. 



It is a well-known fact that Lie's line-sphere geometry has no analogue in 
w-dimensional space when n is greater than 3; in fact, in a space S n (n > 3) 
there can be no one-to-one correspondence between the oo n+1 spheres and the 
co 2C 1 - 1 ) straight lines ; moreover, a contact-transformation which transforms 
spheres into lines must also transform spheres that touch into lines that 
intersect. But there is only one necessary and sufficient condition that two 
spheres shall touch, while the number of conditions that two lines shall inter- 
sect is n — 2. Only if n = 3 will therefore a line-sphere geometry be possible. 

A generalization of Lie's line-sphere geometry becomes possible if, instead 

of using the straight line as space-element, we introduce a flat spread (or 

n — 1 
hyperplane) of — ~ — dimensions. In fact, since to spheres that touch must 

correspond intersecting flats, the condition for such intersection must be unique. 
Now if two flats of — ~ — dimensions meet in ^-space, the condition for inter- 

/yi "1 

section is in general unique ; moreover, — ^- must be an integer. Hence, a 

flat spread-sphere geometry is only possible in a space of an odd number of 
dimensions. It is also necessary that the number of essential parameters of 
the flat shall be equal to n -f- 1, which is the number of parameters of a sphere. 

§ 2. The Minimal Cone. 

A minimal flat spread of » — 1 dimensions in 8 n (n even) may be defined 
as one whose direction cosines A x , A 2 , . . . ., A n satisfy the condition 

A\ + A% + .... + A% = 0. (1) 
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If we put 

A 1 = a 1 + p i , A i = i(a 1 — p 1 ), A s = a 2 + (3 Z , 



L 3 ""2 

n — 2 »— 2 



(2) 



the minimal flat spread, or simply flat, may be written 

(a, + pjXi + i( ai -^)X 2 + ....+ (1 — 2a,ft)X„_ 1 

+ *(l + 2a i &)X„ + T = 0, (3) 

where a f , /3 i} T are the parameters of the flat. 

If we put T = F(a t , {3 lf a 2 , /? 2 , ... .,a n _ 2> / 3 n _ 2 ) and differentiate (3) with 

2 2 

respect to a t and fi t in succession, we obtain the system 

K + P X )X 1 + i(a 1 — P 1 )X 2 + .... 

+ (l-SaJJI,^ + i(l + %a t p t )X n + F = 0, 
X, + iI,-i3 1 Z,_ 1 + ^Z, + 2^ = 0, 
Z x - *X 8 - «,!„_! + io^X, + F' h = 0, 



X„_ 8 + iX„_ 2 - ft^^-l + tfU. *. + K n _ ,= 0, 



S*— 3 



iX„_ 2 — g._ 8 Z,- 1 + ia._, X w + ^„_ 2 = 0. 



(4) 



Multiplying the second of these equations by a lf the third by /3 1? and so on, we 
get by adding, and subtracting the sum from the first equation, 

2 

which solved for X n _ 1 gives 

^•-i-t 2a,/?, + 1 A » 2<x<&+l 

Substituting this value in (4) we obtain the following system: 

-2a i ft+l A » + " " 2(2a<ft+l) 

"iZL^l v . • («i~A) (2a,^+ XfrF^-F) + (1+ 2a, ft) {F' a -F^) 
2a,A+l w+ 2(2a,&+l) 



«^l-/V 2 («^2-^- 2 ) (Sa.n+Sftn-F) + (1 + 2a,&) (^_ f -^_,) 

2 2_ v , • 2 2 — 2~ ^2^ 

2a, ft + 1 X »+* 



2(2a,^ + l) 



«(2a < ft-i) y , M ^MLzZ 

2a,fc+l A »+" 2 ai A + l " : 
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which is equivalent to (4). If we consider a if fit, F, F' at , F' Pi as the coordinates 
of a minimal line in S n , we have here the oo 2w ~ 3 minimal line of that space. 
We also observe that through any fixed point there will pass oo w ~ 2 such lines. 

If we put 

F = a2a i p t + 2b i a i + 2c i p t +d, (6) 

the system (5) reduces to the following: 



X 1+ ^±+-<± 



x- 



*( & 1 — c l) 



! + »*,£ 

«i — A f x + 



2 )• 
2 /' 



^»-2 



Z.-1- 



i(& n _ 2 — c w _ 2 ) 

2 2 

2 
a — d 



a«-« 



&iY v , i(a-l-d)' 



l + Sa^, V^" + ^ 2 y» 
- l+2a,ft V^ + 2 ^' 



2 - l+2a,£ 

which is a minimal cone having its verte'x at the point 



(7) 



r _ &i+_gl r „, »(&! — C l) 

«i— 2 ' ?2— 2 



?» — 3 



+ «»-« 



«(&,-, — g,- 8 ) 

£ 2 2 

?» — 2 



£»— i — 



a — (Z 



5» 



i(a + d) 



(8) 



2 » -»-i— 2 

in fact, eliminating a ( , t from (7), we have 

(X.-^y + (X 2 -£ 2 ) 2 + . . . . + (X.- £„)» = 0. (9) 

We shall now consider a , @ if F, F' at , F' Pi as coordinates of the surface- 
elements in an (n — 1 ) -dimensional space which will be denoted by S n _ 1 . 
(Since n is even S n _ 1 will be an odd-dimensional space.) It follows then from 
the above development that to all the oo" hyperboloids (6) in S n _ 1 there cor- 
respond the oo n minimal cones in 8 n . To the co m ~ 2 points of the hyperboloid 
correspond the oo n ~ 2 minimal lines passing through the point % t ; the addition 
to F in (5) of the function aSa^ -j- 2&<a« + 2^./?,. + d has the effect of trans- 
lating the minimal hypercomplex (5) to the point % t . Finally, the system (5) 
establishes a one-to-one correspondence between the oo 2n ~ s minimal lines in 8 n 
and the oo 2 " -3 surface-elements F, a i} &, F ai , F' Pt in S n _ 1 * 

* This theorem is a generalization of a corresponding one for n = 4 in a paper by the author pub- 
lished in Trans. Amer. Math. 8oc, Vol. XII, pp. 403-428. The same is true of the theorem on p. 207. 

26 
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Consider now the isotropic hypercomplex (5). Since we may interpret 
the quantities —r^ , (i = 1, 2, . . . ., n — 1), as coordinates of the flat space at 

infinity, we see that the lines of the complex meet the sphere at infinity in a 
point determined by the values of a t and P t . "We may therefore consider the 
quantities 

»(«i + ft) «i-fl i(2a { p t -l) 

as coordinates of points on this sphere. 

§3. The Focal Surface. 

Let the quantities a^, /?«, determine a generator 7) of the complex (5). 
ffow many minimal developables of two dimensions can we pass through D f 

To answer this question we proceed as follows: It is evident that we 
must find a curve determined by the relations 

n — 4 



«i = $i (<*tt-2) , Ph = ^h( a n-z) , 
2 2 



» = 1,2,...., 
*=1,2,.. 



2 
w — 2 



such that the generators are tangent to it, and moreover such that 



— I - ' 



^fc(«»-2 „)• 
— 5— » » 



This curve will then be the edge of regression of the minimal developable M 2 . 
The conditions that two consecutive generators of (5) shall intersect are 

X 1 (da 1 + dp,) + iX 2 (da, — dp x ) + 

- X n _^(a t dp t + p t da t ) + iXJ2( ai dp t + PidaJ + dF = 0, 

(- x„_, + ix„)<*fr + ^f; = 0, 

( - X„_ x + iX n ) da, + dF^ = 0, 



( - X n _, + iXJ da,^ + ^ = 0. 

2 2 

Eliminating X x , X 2 , . . . ., X n from (4) and (10) we have 

a) dF - F'^da, - F'^dp, -....- F' an _ 2 fa - F' Pn _ 2 dp^, = 0, 



b) 



(10) 







2 


2 


-2- 2 


dai _ dF' $l 
da„_ 2 dF' Pn _ 2 ' 
2 -g- 


2 


2 




« = 1,2 ,V> 



(11) 
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The first relation is satisfied a priori, since we suppose that the function F is 
finite and continuous, and possesses finite and continuous derivatives in the 
region a iQ , /? M . The remaining n — 3 relations need special consideration. We 
shall adopt the following notation, putting 



a M — a ik — 



d 2 F 
3<x f 3%' 



„(12) 
u ik 



„(21) _ 



d 2 F 



,,(22) _ ~-(22) _ 
a ik — u ki — 



„(21) _ „(12) _ 
u ik — u ki — 



d 2 F 

3&3/V 

d*F 
3ft 3«* 



3^W 
We now write the system (11 )b as follows: 

<^ax+ a™da 2 + .... + a£i> 2 da._ 2 + <»^+ . . . . + 4 2 i> 2 <*/?„_, 

a Pfc _ ~T~ "^~ ~2~ * "g" 



rfa J! _ i a^gAx! + a^ttda, + .... + a%% „_, da s=i + a<&U dfr+ • • • • + o^^ dpV_ A ' 



2 2 



ag»da 1 + a«Vda 2 + .... +05^+ ag»dft+ • • • • + a^.d^ 
da^ = a<vUd* x + a<gUda t + .... + «^^da*_,+ a^dfr + . . . . +*a£! 3l J 1 dP Ji=i 



da. 



2 2 



.(12) 



Introducing a factor of proportionality p in this system, we may write it 
as follows : 



M> -9)dP„ + ai^da, + ....+ a» da m _ 2 + ag^ft + . . . . 

— g— * — 2~ 

+ a^ t k d$ h _ x + ai% k d$ h+1 + .... = 0, 

(af > - p) da, + <>d ai + ••.. + al 1 ^ da<_ x + affi da m + . . . . 

+ (&>*& + . ... = 0, 

(a^da 1 +a™ ± da t + .... +agM&+. • • •+ {a%%^- 9 )dp^ = 0. 



2 2 



(12') 



Eliminating ia,. and d(3 from this system we have the following equation of 
the (n — 2) -nd degree in p : 



//(2D_ n „.(21) „(11) /7< U > 

U U P "21 "11 "21 • 



• a M _ 2l 



a 



(21) 
12 



"22 V "no Moo 



•"»-2«, 



a™, 

2 

a (22) 

"11 



7 (21) 
V-2 

,(22) 
*21 • • 



/7,(21) „ fl (ll) ,,(11) 

2 2 2 2 



" m — 2 n — 2 

2 2 



„(22) ,,(22) 

">— 2 "o« — 2 

1- 2~ 2 ~2- 



. aff>- p afi»>. 



,(12) „(12) 



, a 



(ii) 

■»— 2. 



>-2 a »-2 



,,(12) 
■" » — 2 m— 2 
2 2 



0. (13) 
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If we call the roots p 1? p 2 , . . . ., p„_ 2 , we see at once that 

n — 2 fiZTjl 

If we now introduce a root of (13) into (12'), we obtain a linear system 
of n — 3 differential equations in n — 2 variables ; we have therefore by solving 

d(3 k 



2 



— th \ a l » Pi > • • • • > a »— 2 > P »— 2 / > 



= $i( a i> &, • • • •> <*»-2> ff„_ 2 ). 



9 fiV^l* fl! - • • ., " " M — 2> r- M — i 

a »— 2 2 2 



h (15) 



2 

Since we have assumed F and its derivatives finite and continuous, at least for 
a certain region in the neighborhood of a i0 , /3j. , a„_ 2 , the functions f k and 4> fc 



T ' 



will in general possess the same property. By Cauchy's existence-theorem * 
there will exist a system of integrals 

a* = 4>i(««-g)> £* = ^fc(a»- 2 ) (J-6) 

2 2 

which satisfies (15), and such that for a t — a i0 , /3 fc = /3 t0 the following relations 
are satisfied: 

<*«> = <Pi(a n -zJ, Pm = -4'k(an-2 n )- (!7) 

2 2 

Since p has in general n — 2 distinct values, there exist n — 2 minimal develop^ 
ables passing through an arbitrarily chosen generator D of the complex (5). 

These are obtained by solving an equation of the (n — 2)-nd degree and 
integrating a system of n — 3 linear differential equations in n — 2 variables. 
Substituting the values of a t and {3 k from (16) in (5) we obtain the required 
minimal developables, one for each root of (15). It may happen that for a 
special value of F equation (13) has multiple roots; in this case the number of 
developables will be reduced by a number equal to the sum of the multiplicity 
numbers minus the number of multiple roots. 

We may now obtain the focal surface of the complex. From the last of 
equations (10) we get 

d 2 F d 2 F 

( - ^»-i + *^J da n -. z + p, p., j da x -\- .... -f "5~ ot> da n _ 2 + . . . . 

2 oa 1 c/p tt _ 2 ua n _ 2 o p n _ 2 2 

2 2.2 

d 2 F „ n d 2 F 



+ a/W„_ 2 d A + ••••+ - a^„_ 2 d ^ - ° ' 



* See Picar'd, Traite D' Analyse, Chapter XI. 
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which, if we take account of the last of equations (12'), may be written 

-X n _ x + iX n + 9i = 0, (18) 

where p,. is any one of the roots of (13). If now we add (18) to the system 
(4) and solve for X 1} X 2 , . . . ., X n , we shall obtain the focal surface which, 
since p has n — 2 values, possesses in general n — 2 focal sheets. The equation 
of the focal surface is : 



X > = T 



[(cH+ft^-n-nL 



x. 



\ [K-A)P + n-^J: 



*.-!= 4- [ (1 - Sa, &)p - F + 2a^; + 2A^J , 



X 



-f [(1 + Sa,&)p + F-X ai F' ai -XfrF'rf. 



(19) 



We have thus proved the 

Theobem: The isotropic complex C n _ 2 in S n has a focal surface (19) which 
is the envelope of co n ~ 3 minimal developables M 2 obtained from the complex 
by choosing any one of the co w-2 generators and passing through it n — 2 
developables. This focal surface has n — 2 sheets. The edges of regression 
on the surface are minimal curves satisfying the system of differential 
equations 



d8 
-rP- = /*(«!, A > ••••,«„-*,&-«), *=1,2, 

'•***» — 2 2 ~~ 2~ 



W 



^a. 



da„ 



2 2 



1,2,...., 



n 



(20) 



If we calculate the linear element of the surface (19) we find 

n— 2 

da k = "zdX* = I (p fc d{3 - dF' ai ) (p k da, - dF' Pt ), 



(21) 



where the subscript k refers to the focal sheet S k . If n = 4, A; = 2 and da 2 is 
a perfect square, as was proved in a former paper " On Minimal Lines and 
Congruences in 4-Dimensional Space/' Trans. Amer. Math.Soc, Vol. XII, p. 407. 
The case n = 4 seems therefore to be exceptional. 
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§4. The Surface of Reference. 

If we cut the complex C n _ 2 by the space X n =0 we obtain an (n — 2) -dimen- 
sional surface in a new space which we shall denote by A»-i , viz. : 

x _ (a, + a> (2a»n + MiZL - g) - (i + **<&) (n + n> 

1 " " '" ~ 2(Sa,A+l) : 



2 2(20^ + 1) 



-(22) 



We shall call this surface the surface of reference of the complex. It is the 
envelope of the oo "~~ 2 flats 

K + fr)X x + •(«! - ^)X 2 + ....+ (1 -So, A)X„_ 3 + F = 0, (23) 

whose direction cosines are 

g _ «i + A g _ *(«i— A) e __. 1 — S« t - A . /oj.x 

^-l + 2a € A' Sl ~l+2a,A' """' ^^"l + Sa.A' * ' 

hence, the lines c^, A on the surface of reference correspond to the rectilinear 

generators of the sphere n _ 1 

2 = 1. (25) 

i 

These generators are minimal straight lines ; in fact the linear element of the 

sphere is found to be 

2 
do 2 = ( 1 + Sa ./g,)2 l da i ^A + d<*2 d@ z + + da„_2 djg._ g ] . 

We shall say that the sphere (25) is the spherical representation of the sur- 
face of reference. Let If be a point on the surface (22) and m its spherical 
representation, and consider a rectilinear generator D of the sphere ; it meets 
the sphere at infinity in a point P. To it will correspond on the surface a 
curve which is the locus of points of contact of tangent flats parallel to the 
generator D ; that is to say, the curve of contact of a cone whose vertex is P and 
which is tangent to the surface ; thus, to the rectilinear generator a x = a 2 = .... 

= — <v_j = const., /^ = /? 2 = .... = A>-4 — const, corresponds on the surface 

2~ a 

the curve determined by the identical equations. We may also note here that 
the line-element of the surface of reference takes the form 

n— 2 

ds* = h (X n _ x dfr - dF' ai ) {X n _ t da, - dF' Pt ). 
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We may here mention another property of the expression on the right 
side of (22). If the expression 

atatPi + Xb iai + %c t p t + d 

be added to F the effect amounts to a translation and a stretching or dilation; 
in fact we have, on putting for F the function 



in (22), 



F + aZatPt + Xb.a, + XCifa + d 






^2 -^2 



*(& x — c x ) a + d ,- 

2 2 * 2 ' 



•-»— i" 



2.-!- 



d — a a -\- d 



<Zn—\l 



(26) 



from which it follows that 



[x, _ (x, - V+5.) J + [* - (*. - ito>) J+ .... 

+[x„_, - (x._, - ^) J= (^)'se = c^y. 

and this identity proves the proposition. 

We shall now prove the following important 

Theokem: To the edges of regression of the focal surface (19) of the 
isotropic hypercomplex C„_ 2 in S n correspond the lines of curvature on the 
surface of reference in the space $„_-, . 

Proof : The differential equations of the lines of curvature are obtained 
as follows :* a point .3^ on the normal at a distance A, from the point of tangency 
is determined by the following system of equations, 

-5Ta = .Xj + /lif] , -3T 2 = X 2 + Jli* 2 , . . . . , -3l„_i = -^ n —i + %>Z n — 1> (27) 
the £'s being the direction cosines of the normal. Substituting the values of 



*This method is a generalization of one used by Darboux in his Legons, Vol. I, pp. 238-240, 
for n = 3. 
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X t obtained from these equations in (23) and differentiating partially with 
respect to a t and p t , we have the system 

{a x + p x )X x + i{a x -P x )X 2 + . . . . + {l-Za i P i )X n _ x + F = (l + 2a t p i )A, ) 

* x + *** - Pi *n-l + ||- = Pi*, 

Xj — *X 2 — a x X re _ 1 + -^g- = a x X, 

X 3 + *X 4 — fa X n _ 1 + -g— = fa X, 



X 3 — iX 4 — a 2 X„_ 1 + -^g- — a 2 /I, 



■^n— S ~T" -X-n— 2 P»— 2 -^»-l I a~ — P»— 2 "■> 

2 ua -n — 2 2 

2 



_3F 

8 90.-8 



^»— 3 *-^»— 2 ( *»— 2 -"-»— 1 - r^"/5 — a »— 2*" 



(28) 



2 

If now we wish to obtain the lines of curvature, we must express the condition 
that there exists a deplacement on the surface such that a point on the normal, 
for some specific value of 31 conveniently chosen, describes a curve tangent to 
the normal. We must therefore have 

-4J5-- = ., **-% = = = ^Ipt? = **• ( 29 ) 

«i+& *(«i — Pi 1 — 2a,& 

Differentiating then (28), we get from the first equation 

(a a + P x )dX x Jr i(a x -P x )dX 2 + . . . . + (1 + ZaMdX^ + dF 

+ X x (da x + dp x ) + iX % {da x — dp x ) + 

— X n _ x (a x dp x + P x da x + +Pidai) 

= Xd(l + 2a,/?,) + (1 + 2a t p t )dX. 

This equation reduces, when account is taken of the remaining equations (28) 
and the equation (29), to the following simple one: 

d6(l + 2a t p t ) = d*. (30) 

Differentiating the last n — 3 equations (28), we have 

— — — — 7SF 

dX x + idX z — p x dX n _ x — X n _ x dp x + d ^- =p x d% + Xdp„ 

— — — — dF 

dX x — idX 2 — a 3 dX n _ x — X n _ x da x + d -p-* = a x dX + 2,da x , 
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^ET 

dX n _ 2 + idX n _ 2 — P^ dX n _, — X n _ x d@ n _ 2 + d ~- = /?„__ 2 d"K +%d{3 n _ 2 

2 2 V a n — 2 2 2 

2 

op 

^f»-2 — idX n __ 2 — g w _ 2 dX n _ 1 — -5T„_i d a n _ 2 + cZ ~-~ — = « „_ 2 d/l + 7ida n _ 2 

2 2 °P n — 2 2 2 

2 

or, by virtue of (29) and (30), 

— X n _ x dp, + dF' ai — -kdp x = 0, 

— X n _ x d^ + dF' h — ~kda x = 0, 



— X n _ x da n _ 2 + dF' Pn _ 2 — %da n _ 2 — 0. 
2 -g- 2 



Eliminating Jl and X n _ 1 from these equations, we have the following system of 
differential equations: 



dp, _ 
da n _ 2 

2 


_ dF' ai 

' dF; n _ 2 > 

2 


da, _ dF' Pi 
da n _ 2 dF' ?n _^ 

2 


t=l,2, .. 
&=1, 2, . . 


••' 2 ' 

w — 2 



But this system is precisely the same as the one obtained for the edges of 
regression on the focal surface in S n . ((ll)b on p. 204.) Hence, the above 
theorem follows. 

Consider now a point M on the focal surface (19) and let E be an edge 
of regression, L the minimal line tangent to E at M. The line L determines a 
minimal space <2 B _ X which is normal to it and at the same time contains L. 
Cutting this space by the space X n = 0, we obtain a space Q n ^ 2 in 8 n _ x which 
passes through the point P, the intersection of X n = with L. Hence, to the 
minimal element in S n corresponds a surface-element in 8 n _ x . To the edge E 
corresponds a curve E' which is the intersection of the minimal developable 
determined by E with the space X n = 0. As the line L moves along E the 
surface-element determined by the point P and the space Q n - 2 moves along 
the curve E', which therefore may be considered as an element-band. 

We now project M orthogonally on 1„=0 by means of the transformation :* 

x 1 = X 1 , x 2 = X 2 , , x n _ x = X n _ x , R — iX n ; (31) 

the point M is projected into a point m which will describe a curve e. But 
since MP is perpendicular to Q n - X , mP is also perpendicular to Q n - 2 . The 

* For details concerning this transformation see Lie-Seheffers Beruhrungstr., and also the author's 
paper in Vol. XII of Trans. Amer. Math. 800., p. 415, where the case w = 4 is treated. 

27 
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curve e, the projection of E, is therefore tangent to Pm ; that is, e is an evolute 
of the curve E'. To the focal sheet in S n will correspond in /8 f „_ 1 a focal sheet 
of the normal hypercomplex determined by the oo "~ 2 normals along the lines E' 
which are lines of curvature on the surface of reference. Since through a 
point on this surface there pass n — 2 lines of curvature, the normal complex 
will have n — 2 sheets. The principal radii of curvature may be obtained 
from the system (19) by using the orthogonal transformation (31), viz.: 



a) 



i =\n* 1 + p 1 ) 9k -F' ai -F , h -\, 
■2 =4-[(ai-A)p»+n~*ft], 



<».-] 



i [(1 -ZatPJpt-F + Xa,F' ai + XfrF'eJ, 

b) B k =i-[(l+2o l A)p» + l ?, -2a»n-2Anj, 

& = 1, 2, , « — 2, 

which is a generalization of the formulae given by Darboux in his Legons, 
Vol. I, p. 245. To the edges of regression will correspond geodetic lines on the 
surface (32) a, which, in general, has real sheets provided a t and /? f are chosen 
conjugate imaginaries. 



(32) 



§5. A Flat Spread-Sphere Geometry. 

We proved above (p. 203) that to all the co " hyperboloids in space S n _ 1 

F = aXatfa + Xb.a, + 2c,& + d (6) 

there correspond in S n the oo * minimal cones (7). "We shall now employ the 
generalized Euler's transformation : 

Xi = F' at , y t = P t , Pi= — a { , q t = F' ft , z = F — Xa^, (33) 

n — 2" 



= 1,2,....,^), 



by means of which the hyperboloids are transformed into oo * flat spreads of 
— ^ — dimensions 

*i = Wi + &i> « = Xc yi + d, q_i= — ap t + c«; (34) 

the last set of equations give the relations between the coordinates of the 
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surface-elements of the flat. We have here a hypercomplex of flats that 
satisfy the following system of total differential equations : 



dz — p l dx 1 — p 2 dx 2 — — q x dy 1 — q 2 dy 2 — — g w - 2 ^-2 — °> 

dx € dp n _ 2 + dy t dq n _ 2 = 0, i = 1, 2, . . 

2 2 

dq k dp n ^ 2 ^dp k dq n _ 2 =0, k = 1, 2, . . 





2 






2 




W 




2 




> 




2 




> 




W 




4 





F (35) 



We may also note that the condition that any two flats shall intersect in a 
point is unique, viz.: 

2(c i -c0(^-&0+ (d'-d)(a-a') = 0, (36) 

and that to a flat (a, c { , b if d) corresponds in S n a minimal cone whose vertex is 

c _ &! + <?! e _ *(&i— cQ p _ a — <? p _ a(a + ^) n7 x 

£i — o > ?2 — o ' ••••> 5m— i — o ' * n — 2 " 

Further, to flats that intersect correspond two minimal cones that are tangent 
to each other ; that is, they have a minimal line-element in common. 

Suppose now we transform the hypercomplex of minimal lines (5) by 
means of the transformation (33) ; it takes the following form: 

Y - —iiVi — Pi) x 4- J Mi — Pi) (S&y, — g) — (1 —^PiVi) (gt + gi) 
^ - l-2p«y« ""*" """ " 2(1-2^) ' 

x — —(yi + Pi) v , „• (#i + Pi) ( 2 — Sg<y<) + (1 — SjP^Ha?! — g,) 

^ 2 - 1-Sfty, " + " 2<l-2p,y,) 

(38) 






and the system (4) becomes 



2jp*y< 



(1 — Xpty^X^i + *(1 + Xp i y i )X n + — 2^2/, 
X 2 + iX 2 — y 1 X n _ x + iy x X n + a? x 
Z x — iX 2 + p x X n _ x — ip 1 X n + q x 



= 
= 



X n _ 3 ~iX n _ 2 -\-p n _ 2 X n _ 1 ~ip n _ 2 X n -\-q n _ 2 = 

2 2 2 



h (39) 
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The condition that any two consecutive generators of the complex (38) or 
(39) shall intersect is 

a) dz — p l dx 1 — Pzdx 2 — — q x dy x — q 2 dy 2 — — q n - z dy n _ 2 = 0," 



b) 







2 2 


dXidp n _ 2 + dyidq n _ 2 = 0, 

2 2 


• = 1,2,.. 


W — 2 

••' 2 ' 


dq k dPn-2— dp k dq n _ 2 = 0, 


4=1,2,.. 


w — 4 



(40) 



Consider now the transformed surface of reference obtained by putting X n = 
in (38). We have seen that to the edges of regression in S n correspond lines 
of curvature on the surface of reference (22) in S n _ 1 . By means of Euler's 
transformation (33) it is transformed into the following: 

(Vi — Pi) (2y<Q t — g) — (1 — ^PiVi) (gi + gi) 
2(1-2^) 

(3d + Pi) ( z — ggij/i) + (1 — Sp<y<) (a;, — g t ) 



X, = 



x 



2(l-2p <y< ) 



X«-i — 



h -Vi Qi ■ 



(41) 



— ^ViVi 

The lines of curvature on (22) are of course also transformed into a set of 
curves on (41), which we shall now investigate. By Euler's transformation 
the system of differential equations ( (ll)b, p. 204) which defines the system of 
lines of curvature is transformed into the system (40 )b, the integration of 
which will give us a system of curves on (41) which correspond to the lines 
of curvature on (22). We shall call these lines asymptotic curves * Through 
any point on the surface pass n — 2 such curves corresponding to the n — 2 
directions, orthogonal to each other on the original surface, which determine 
the lines of curvature. Their geometric properties are evident from the fol- 
lowing considerations : 

*The asymptotic curves defined above are a special set belonging to the system 

2x t p t = 0, 
which has been studied by several others. Cf . Bertini, Oeom. proj. degli Iperspazi, p. 173. Also, E. O. Lovett, 
" Contact Transformations between the Fundamental Elements of Space," Annali di Hatematica, 3d ser., 
Vol. VII, No. 1, pp. 39-98, and C. L. E. Moore, in a recent paper in the Annals, Vol. XIII, p. 94. Of the 
| n — 1 directions on an (n — 1) -spread in 8 n we have chosen n — 1 special ones, namely, those that corre- 
spond on the transform to the n — 1 directions of curvature. From the standpoint of a generalized 
flat-sphere geometry, such as has been worked out in this paper, these lines must be designated as 
asymptotic lines. 



Geometry in Odd-dimensional Space. 215 

The condition that the tangent space to a surface s = f(x lf . . . ., # w _ 2 , 
y lf . . . ., «/ m _ 2 ) shall osculate a curve on the surface is 

X (dXi dp t + dy t dq t ) = 0, (42 ) 

but from (40 )b we have 

n 2 

dx i dp i -\-dy i dq i =0, i = l,2, , — j- ; (43) 

hence (42) vanishes identically. Therefore, the hyperplanes of the surface- 
elements of the surface osculate the asymptotic curves defined by the system 
of differential equations (40 )b. Again, two consecutive hyperplanes of the 
surface-elements along the curve contain flat spreads of the form 

a>« = <*y t + ht z = ^ c iVi + d i ( 44 ) 

in fact, we have on substituting in the equation 

dz = 2 l p i dx i + q i dy i , 

^.Ci dy t = aXpi dy t + Xq t dy t , 
from which it follows that 

o* = a Pi + 2<> 

which system satisfies the differential equations 

dq k dp^_2 — dp k dq n _ 2 = 0. (44') 

2 ~2" 

But the systems (45') and (43) are precisely the same as (40 )b. The flats 
(44) are therefore tangents to the surface along the curve, and any one flat 
passes through the two consecutive points of tangency determined by the two 
consecutive tangent hyperplanes which osculate the curve. 

Remark. For n = 4, the flats (44) become the straight lines x x = ay + 6, 
z = cy -}- d; the two consecutive tangent planes intersect in a line which passes 
through the two consecutive points of tangency; the curve becomes therefore 
an asymptotic line on a surface in ordinary space. The only equation remain- 
ing in the system (40 )b is dxdp + dydq = 0,^Which is the differential equation 
of asymptotic lines on a surface. 

If we consider the space S n _ l (F 1 a i ^ { ) and a surface F = ^(a^), the 
system of curves (11 )b, which we shall call Euler's lines,* have by Euler's 
transformation been transformed into asymptotic lines on the transformed 

♦These curves have been considered for 3-space in an article published by the author in Trans. Amer. 
Math. Soc, Vol. VI, No. 4, pp. 450-471, entitled: "On a Certain System of Conjugate Lines on a Surface 
Connected with Euler's Transformation." 
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surface z = f(x i} 0;). The hyperplanes of the surface-elements of the surface 
are common with those of the hyperboloids 

F = o2a<& + 2b t a t + 2c, & + d, 

which are therefore tangents to the surface along the curves. The tangent 
spaces osculate the curve, since Euler's transformation is a contact-transfor- 
mation. We shall denote the different spaces used previously as follows : 

^-xK-,/3 ,27,2^,2^), S n _,(z, p t , q t , x if y t ), 

and we may put in evidence the correspondence between these spaces as 
follows : 



s« 


S n-1 


*.-, 


#n-l 


iges of regression on 


Lines of curvature 


Euler's lines 


Asymptotic lines 


focal surface 








Co » minimal cones 


oo » spheres 


oo » hyperboloids 


oo » flats 


X n = 


Surface of reference 


Surface of reference 


Surface of reference 



We may consider the system (41) as a transformation establishing a 
one-to-one correspondence between the surface-elements of S n _ t and S n _- t . It 
is only necessary to add to it the following: 

l+2p,y/ ^~l+2^' ••'•' »- 2 l + 2p,y, ' (4±} 

obtained from (3) by putting X n = 0, by writing it in the form 

fl^ + ft »(tt,-A) Y «(a Jt - a --A- a ) 

^»-i- l_ 2a ^^i 1- »*,&** •••• " 1-Sa.A 

and using Euler's transformation. From the correspondence between the 
spaces /8' B _ 1 and #„_! it is clear that tf&e transformation (41) and (41') trans- 
forms spheres into flats and lines of curvature on a surface in S n _ l into 
asymptotic lines on the transformed surface in S n ^ 1 ; it may therefore be 
regarded as the extension proper of Lie's classical transformation ; in fact, for 
n = 4 we obtain this latter transformation. It may be noted that the role 
which the line-element plays in Lie's line-sphere geometry is here represented 
by the surface-elements of oo" flats; further, although any space S n has a 
sphere-geometry, only an. odd space can have a sphere-flat geometry of the 
kind developed in these pages. 

We shall study in detail the system (39) when cut by the space X n = 0. 
We have then, writing the system in a slightly modified form : 
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a) 



o; 2 = 2/ 2 X„_ x — (X, + iX t ) , 



x, 



» — 2 



— 1-2A-1 (^»-S + *-X„- 2 )> 



2 2 

' = — y x (X x — iX 2 ) — y 2 (X 3 — iX 4 ) — 



b) 



2 2 



= — Pl^n-l — (Xl — iX 2 ), 

= —P*X»-i — ( X s — iX -i) I 



(45) 



2 2 

If now we consider (45) a, we see that to the co m_1 points in S n _ 1 there cor- 
respond 00 < n ~ 1 flats of the complex a + d = 0; in fact, if we compare (45) a 

with the system , , ^ , , 

the statement is at once proven. The point-geometry in S n - 1 is therefore 

equivalent to a flat-geometry in S n _ lf namely, the geometry of the flat-complex 

a + d = 0. To a point (x if y-, z) in S n _ l corresponds an isotropic flat Z m _ 2 in 

2 
in /S f M _ 1 ; in fact, we find from (45) a: 

XdXj = dX n _ l [y l (dX l - idX 2 ) + y 2 (dX s — idXJ + .... + dX n _J = 0, 

To a flat of the system , , ~ , , 

J a> i =ay i +b i , z = 2c i y i +d 

corresponds a sphere in S n _ 1 which may be written 

[ Xi+ h+^j + [ Xs _ i h^q+ ....+ [*,_,_ «^ij= (•+*)•. 

Denoting the center of this sphere and the radius by XJ, X 2 , . . . ., X' n , R we 
have 



o ' 2 — o ' ' ' 



2 



g » — 2 ) 

2 



re — 2" 



a 



<2 



2 



B 



a -\- d 



(46) 



(46') 



■y' — u i ~r °i y ,• °i °i -y- 

-A-! — ^ — , -a. 2 — ^ n , . . . . , -A. 

or, solving, 

c t = — (XJ — *XJ), c 2 = -(ZJ — «Zi), ...-, rf 
from which it follows that conversely to a given sphere correspond two flats 
which are conjugates with respect to the flat-complex a + d = 0, that is to say, 
the complex (45) a. The correspondence is therefore a one-to-two.* 

*For a proof of this and similar theorems in the case w = 4 (3-space) see Lie, "Uber Complexe," 
Math. Annalen, Vol. V, pp. 167-175. 
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A general complex of flat spreads in /S f „_ 1 niay be written 

Aa + XB t b t + 2C t c t + Dd + Ee + F = 0, (47) 

using as coordinates of the complex the following : 

a > t>i, c n d, e = ad — Sc^. 
We shall call such a complex a flat-complex. The oo n ^ 1 flats of (47) are trans- 
formed into go n ~ 1 spheres. We shall prove that these spheres all intersect a 
given sphere at a constant angle.* 

Proof: Let the sphere be written 

2(X { — X0 2 = # 2 . (48) 

Substituting the values of b i} c { , a and d from (46') in (47) we find that the 
coordinates of the center and the radius must satisfy the following relation : 

Let the coordinates of the fixed sphere be denoted by X' 10 , X' 20 , . . . .,X' n _ l0 , R . 
We have then 

2 1 (X;-X;) 2 + (iR-iR o y = 2R R(l + eos<l>), (50) 

i 

where <£> is the angle between the two spheres. This relation is also true for 
the null-spheres R = contained in the complex, and since in this case the 
null-sphere is a point on the fixed sphere, the equation of this sphere may be 
obtained by putting R = in (50) and considering X' t as running coordinates. 
The fixed sphere may therefore be written 

X(X' i -X^y = Rl. (51) 

But X'i must satisfy (49) when in this equation R is put equal to zero; hence 
(51) becomes 

?(*«+ ^A nv ^s^j + c^-^y 

_ (A — D)* + 4:2B t C t + 4:EF 

The coordinates of the fixed sphere are therefore 
_ B t + C t x __ HB t -C t ) 

Ro= 2^-VC3 - VY + ±XB t C t + ±EF, 

* This theorem is a generalization of Lie's theorem on sphere-complexes consisting of all the 
spheres in 3-space that intersect a given sphere at a constant angle. See Lie-Scheffers Beruhrungstr., pp. 
651-653. For n = 4, 3-space, the flat-complex becomes a linear complex, or null-system. 
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so that the equation (49) of the sphere-complex may be written 

2(X^._ 1 -X 2i _ 10 ) 2 + X(X' 2i -X 2i0 y + (iR -iR )*—2RR 9 (l + cos$>) = 0, 

where A ±(D + A) 

cos 4> = \ ' / 



V(A — D)» + ^B i G i + 4#F 

4> has therefore the same value for all spheres of the complex. Q. E. D. 

If the oo n_1 spheres of the complex all touch the given sphere, we have 
ty = ; that is, we must have 

(D + A)* = (A—D) +42C i B i + 4EF, 
or, 

ZBid + EF — AD = 0. (52) 

In the space >S , „_ 1 we have a flat-complex consisting of all the co n_1 flats that 
intersect a given flat. We shall call this complex a special flat-complex. We 
may also extend the idea of involution to flat-complexes just as. in ordinary 
space to line-complexes. Let there be given two complexes C and C, and con- 
sider the family of complexes C + kC[ = 0, which we may write 

{A + kA')a + X{B t + kB' t )b t + X(C t + kC' t )c t + (D + kD')d 

+ (E + kE')e + F + kF) = 0. 

In this family there are two special complexes determined by the quadratic 

equation k*L + kM + N = Q, (53 ) 

where L, M and N have the following values : 

L = ZC'i B\ + E' F' — A' D', 

M = X(C i B' i -\- dBJ +E'F + EF' — A'D — AD', 

N = XC i B i + EF — AD. 

If now k t and k 2 be the roots of the quadratic equation (53), we shall say 
that the complexes are in involution whenever the double ratio (0, k ly <xi , k 2 ) 
equals — 1, that is, whenever \ -f- k z = ; hence the condition for involution is 

ZiCiB'i + CI Bi) +E'F + EF' — A'D — AD' = 0. 

If <£> = 90°, we have A + D = 0, and the complexes 

^a + 2B«6 -f 2C«c« — Ad + Ee + F = 

and a + d = are in involution. 

Conversely, the 00 " _1 spheres which cut a given sphere at a constant angle 
are transformed into the flats of two complexes which are conjugate to each 
other with respect to the complex a + d = 0. The proof is not difficult and 
need not be given here. 

The flats of the linear complex a + d = which intersect any given flat /j 
(and also its reciprocal, or polar / 2 with respect to the complex) are trans- 
28 
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formed into the points of a sphere ; the points of the flats f 1 and / 2 are trans- 
formed into the flat spread generators of the sphere. These are minimal flats 

n 2 

of — ^ — dimensions, and they are seen to be divided into two distinct families 

just like the rectilinear generators of the sphere. Any two generators of 
different families intersect in a point on the sphere which is the image of the 
flat joining two points on f t and / 2 . 

A surface-element in S n _ 1 contains co 1 flats passing through its point; 
to these flats are associated another set of oo 1 flats which are reciprocal with 
respect to the complex a + d = 0, and which also pass through the point of a 
second surface-element. In S n _ 1 we get two intersecting minimal flats and 
oo x spheres touching each other at this point. Hence, to a surface F and all 
the oo 1 flats which touch it at a given point there correspond in *S'„_ 1 a surface 
and all the oo 1 spheres which touch it at a point. 

If a flat has a singly infinite number of points in common with the surface, 
we get in 8 n _ 1 a surface which is touched by a sphere along a curve. To a 
surface generated by moving a flat so that it is tangent to a given curve 
(corresponding to developables in ordinary space) corresponds the envelope of 
oo 1 spheres which move in such a way that two consecutive spheres touch. 
To "ruled" surfaces correspond canal surfaces in /S' n _ 1 , etc. It is evident 
from the above that the geometry of flat-complexes in S n _ 1 is equivalent to the 
geometry of sphere-complexes in S n _ 1 (n — 1 odd). 

We found above that there are two special flat-complexes contained in a 
family C + W —.0. Each of these has a flat as directrix. If we consider all 
the flats which intersect these two directrices, we get a complex of oo "~ 2 flats 
which we may denote by the symbol C n _ 2 . Hence to the oo" - " 2 flats which 
intersect two fixed flats there correspond the oo n_2 spheres which intersect 
two fixed spheres at constant angles $ x and $ 2 . 

We may continue in this manner building up a theory of sphere- and flat- 
complexes, just as has been done by Lie in his paper on Complexes in Mathe- 
matische Annalen, Vol. V, for ordinary space. 

Paet II. 

§ 1. The Flat-Sphere Transformations. 

It remains now to find all the contact-transformations that have the same 
property as (41) and (41'). We know that the transformations of the conform 
group in S n leave invariant the oo " minimal cones and that to this group there 
corresponds in S n _ 1 a group of contact-transformations which leaves invariant 
the co " spheres of S n i_ x . We may obtain the characteristic functions of this 
group in the following manner: 
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(1) 



The conform group in S„ is* 

d f x d f -X d f ZsX df IX k d f d f vx 2 

ax; ' -*-* ax " ax„ ' i ' ax, » ^" f ' ax„ ~ a x f ' ' 

v, ^ = 1, 2, . . . ., M. 
whose vertex is (X X ,X 2 , . . . . , X„) 



x n — \ 



= X n _ 1 +«X n cos Q n _ lt (3) 
a?„_2 in succession, 



The sphere corresponding to a minimal cone 
we found to be (p. 203) 

( Xl —x,r + k - x,r + • • • • + (*»-i - ^»-i) 2 + ^ = o, (2) 

which it will be convenient to put in the following form, introducing auxiliary- 
variables <$>!, <j!> 2 , . . . ., <p n — i, 

x 1 =X 1 + iX n ooB^> 1 , a? 2 = X 2 + «X„ cos<?> 2 , 

re — 1 

where 2 cos 2 <^t = 1. 

i 

Differentiating (2) partially with respect to x y , x 2 , . . . ., 
we have 

x 1 — X l7 ±-(x n _ 1 — X n _ 1 )p 1 = 0, x 2 —X 2 + (x n ^_ 1 — X n ._ t )p 2 = 0, , 1 

■ C re — 2 -Xn-2 + (*»-l X n _ 1 )p n _ 2 = 0. J 

From (3) and (4) we find 

_ cos 4> t _ cos <?> 2 __ cos <?»„_ 2 

from which we obtain the following equations : 

COB *' = vT^!' """^W^W, ' oos *-=vfftj! 



, making x t , X t and 4»» vary, 
i cos 4>t &X„ — iX„ sin $ x 5^ . 

<?>2&?>2 

J 

5X n _! + i cos $ n _ 1 ()X n — iX n s'm<p n _ 1 8q> n _ 1 , 

n — 2 



From (3) and (5) we have, c , ,, , 

c^ = <5X t + i cos 4> x $X n — iX n sin ^bj Sfy , 
&» 2 = £X 2 + i cos $» 2 5X W — iX n sin <£ 2 <5<£> 2 , 
» 



(5) 



(5') 



n — 2 

cos ^ 2 #,. Sp { 

i 



5a?»_ i = 

cos ^ 2 p t - 

^P! = VI + 2p 2 sin <p y ^ * . 

VI + 2p« 

» — 2 

cos <j> 2 2 ^ $Pt 

6p 2 = VI + 2pf sin <?> 2 &fc * , 

VI + %Pi 

> 



(6) 



&P»-2= VI + Spfsin <£> n _ 2 5^>„_ 2 



1 — 2 



re — 2 

cos$ a _ 2 2 p^. 

i 

VI + 2p? 



(7) 



*See Lie, Theorie der Transformations gruppen, Vol. Ill, p. 334. 
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If now by means of the equations (7) we eliminate Sfy from (6) we have the 
following system of equations : 

Sx t =*X 1 + i cos fr ZX n - iX n Vl + ^ fe+ T * S *'* P S 
to, = iX, + < cos fc JZ, - g. Vf +^' fr +Jg* *S»«ft , 



&£„_!= ^X„_ x + i cos <£„_! o"X m — *X„- 



to — 2 
2 Pt&Pi 



(8) 



Introducing in (8) the values of $X 1} &X 2 , . . . ., 8X n obtained from (1) and 
eliminating X lf X 2 , ...._, X n __ 1 from the resulting equations, we obtain a set of 
equations which must be identically satisfied for all values of X n . We thus 
obtain the values of the increments hx x , . . . ., hx n _ x , hp x , . . . ., $p„_ 2 . Thus, 
suppose we take the transformation 

3/ . 



Uf = X df 



x, 



, dx 1 ^dx 2 ' 

we have here 

hX 1 = X 2 ht, hX r = — X x U, SX € = 0, (t = 3,4, , n). 

The system (8) now becomes 

Sx x = X 2 St - iX n V1 + ^ ^+ c f fe **« **' , 

2 1 + Spf 

<U — ,'Y VI + gjgfjgg + cos Q^Pjhpi 



Sx n _ t = — iX n 



XPiSpi 



[l+Spf]*' 
Introducing in this system the values of X x and X 2 from (3), we have 



v / -v- A \$i - v Vl + 2p 2 Sp x + cos A, 2p< o>< 

3a?! = (^ 2 — iX n Gos$ 2 )U — tX n ! — f_i_ s „2 > 

t , . v ^ \ sj -v Vl + 2#! Sp* + cos d>„ 2»i Spi 

Sx 2 = — (^ — ^X n cos $, ) & — «X m 1 +Sff 2 ' 
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From the last equation we get 2pi$p { = 0, and from the first n — 2 

hx 1 = x 2 $t, hx 2 = — x x St, hx { = 0, % = 3, . . . . , n — 1, 

&Pi=P*M> Sp z = —p 1 St, Spi = 0, i = 3, ,n — 1, 

and the characteristic function 

W = P 1 % 1 + P 2 £ 2 + +P.-l%n-* — Zn-l = Pl X 2 — P2%1- 

In this manner we obtain the following characteristic functions of the required 
group of contact-transformations, using capital letters in order to conform 
with the notation of the formulae (41), 



X„Vl + 2Pf, X„_ 1 Vl + 2Py ! , V1+2PJ, X^-SPyXy, 

» — 1 n — 2 

2X n -X ra _ 1 + P„ 2 iy — 2_X„ 2 Py -Xj, 

1 1 

n — 2 to — 1 



(9) 



-2X n _ 1 XP j X j -2X?+X 2 n _ 1 , 2XfVl + 2Pf. 

There exist therefore, in the space 8 n _ 1 , — — — „ — — — infinitesimal contact- 

transformations which leave invariant the oo H spheres of that space. This 
theorem has been proved by Lie.* 

If now we superpose the generalized Lie's transformation (41) and (41') 
on each one of these transformations, we shall obtain a group of transformations 
in 8 n _i which leaves invariant the oo M flats (44) and transforms the asymptotic 
lines of an {n — 2) -spread into asymptotic lines on the transformed spread. 
We shall show how to obtain the characteristic functions of this group, which 
is similar to the group whose characteristic functions are given by (9). 

If U(Xi, P { ) represents any characteristic function of the set (9) and 

V (x { , y if Pi, q { , z) the required function, the following relation exists between 

them : f 

pV (Xi, y„, Pi, q i} z) = U (X t , Pi), 

where p is determined by the relation 

TO— 2 

dX n _! — 2 Py dXj = p (dz — 2 p^ dx- — 2 g y dy^ . 



* Lie, Gotting. Naohr., May, 1871, Math. Ann., Bd. V (1872) . The above method of deriving the char- 
acteristic functions of the general group of contact-transformations which change spheres into spheres is 
a generalization of the one used in Lie-Scheffers Beriihrungstr., pp. 441-443, for n = 3, or, rather, a gen- 
eralization of the method when reversed, that is, going from 3-space back to 2-space. 

t Lie, Theorie der Transformationsgruppen, Vol. II, pp. 527-528. 
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From the equations (41) and (41') we find, after an easy calculation, that 

1 
P = 



so that we have 



V (x i} y t , Pi, Qi, e) = U (X,, P t ) (1 + l,p i y j ) i 

and V may be obtained by expressing U in terms of the coordinates x tt y iy p if 
qi and z. We shall not repeat the rather long and tedious calculations here, 
but write the functions in order corresponding to (9) : 

1, Vi — Pi, Vi + Pi, x k Pk + PkQk, 
x kPi — x iPk + 4iP k — Pi4k + Pi x h — Pk x i + QiPk — QkPi, 
x iPk — Pi x k + PiQk — QiPk + Pi x k — Pk^i + QiP k — PiQk, 
Pi x k — x t p k + Pi q k — qiP k — p { x k — q k yi — qiy k — x t p k , 

x iVk — x kVi + QiPk — QkPi — Pi x k — Q-iVk — QkPi — x iPk, 
Wk ~ Pk 'Zq.j Vj — x k 2p y y t — x k — zP k + Pk 2Qj Vi — Pk ^Pj Vi — Pk , 
—Wk + Vk %Qi Pi + x k 2Pj p f + oc k — ePk + Pk %4j P, — Pk %Pi Pi — Pk , 
—2Pk + Pk %Pi Qi + x k %Pi Pi — x k + zp k — p k %Pi Q t + Qk %Pi Pi — Qk, 
—zPk + Pk %Pj Qi + x k %Pi Pi ~ x k — z Pk + Pk %Pi Qi — Qk %Pi Pi + Qk i 
^■QiPi — z, 1—ZPiPi, ^ x iPi — z, 
zx k — p k Xx } q j — x k XXj p j + zq k + p k Xx } p } — q k Xx j p„ 

s' x k — Pk % x i Qj — x k % x i Pi — ZQk — Pk % x i Qi + Qk % x i Pi , 
z 2 — zXQj Pj — zXXj Pj + XXj Pj Xqj Pj — XXj qj Xpj p } — XXj q t , 
z 2 — zXQj Pj — zXXj Pj + XXj Pj Xqj Pj — XXj q } Xp t p f + Xx } q f , 

n—2 



(10) 



(i, k = 1, 2, . . 



,ij=]i). 



By properly.combining, that is, adding and subtracting, we may reduce this set 
to the following simpler one : 

1, Pi, Pi, x kPk + PkQk, x kPi~ x iPk, QiPk — PiQk, 

Pi x k + QiVk, x iPk + PiQk, x k, Qk, zPk — Pk2QiPi — x kZpiPi, 

zPk — Pk^QiPi + Qk^PjPj, %QiPi, ZPjPi, 2z — M x iPi + QiPi), I (11) 

zx k — p k XXj qj — x k XXj Pj , zq t + p k XXj qj — q k XXj Pj , 

z 2 — zXqj Pj — zXXj Pj + XXj Pj Xqj y t — Xx } q f Xpj p t X%j qj. 

As a check on the accuracy of these calculations we may observe that for n — 4 
we get the following functions : 

1, p, p, xp + qp, x, q, zy — y 2 q — xyp, zp, qy, py, 
2z — xp — qy, zx — xyq — x 2 p, zq, z 2 — zyq — zxp, xq, 

which are the characteristic functions of the projective group in 3 -space 
considered as a contact-transformation. 
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The corresponding group of contact-transformations is now 

df df df , df df , df m df df 

W &c7' ~dg- + I/i ^> Xk ^ + y»dy k - Pk B Pk q *dq k > 

df df , df 3/ , / x 3/ 

3/ df . df df . , v 3/ 

a/ a/ __ a/ a/ a/ a/ _ _a/ 
^-as: + ^^7 ft a ft " *3<z*' ^a% +2/i 3y."~ ft 3ft 
a/ a/ , a/ a/ ~ a/ v a/ 

q *~dq~' ~Wi 3s ' 3^' ^ ^ "3^7 y * ^ 3y, 

+ 2p,y, -^ + (3* 2y, p y — p k Xy } $i)-^r — p^Pi -%f — <i* ^Pi af: » 

_ a/ v a/ v a/ v a/ v / a/ . a/ 

3/ . 3/ \ . „ 3/ v 3/ v 3/ 

+ (s — 2a?, 2?,-) -jX + 2g y ^ -^J- + (p fc 2a, 3,. — q k Xx j p } ) -^- 

v 3/ v 3/ v df , _ df . df 

—q k Xq j -^-—p k Xq j -^~, y k Xx, -> + x k ^-J- + x k z ■ 



dq, ^ ^ dp; ' * k ""> dy^ ^ " k *"l "dec, ^ ^ ~dz~ 

~ x * Xq * ~dT. JrVk Xq ' ~dih + (2 ^>' x i ~ Pk z * ~ z) a£" + Xqj Xj ~d<r k ' 

-Xx j q j Xy i -^-Xy i p j Xx j ^+Xy j p j Xq j -^^rXx j p } Xp j ^-, 

« -4-1 . » + 2 

We shall denote the go 2 finite transformations of this group by the 
symbol G n +i. n +2 . We have then proved the following important 



(12) 
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» + l.« + 2 



Theorem: There exist in S n _ 1 oo 5 contact-transformations which 
transform the oo " flat spreads 

x { = ayi + b € , 

z = Xc i y i -\- d, - (13) 

\q i =—ap i -\-c i \, 

into the oo w spheres in /S f n _ 1 . These transformations are obtained by super- 

n-j-l . ro-f 2 

posing the inverse of the generalized Lie transformation L on the co % 
transformations defined by the group of infinitesimal contact-transformations 
(12). The inverse of L is 



a>t 



l Y _L i T \ — £_gj— 1 ' 2 * X 



yi — z — _ ,~ . ^ ^g » *** — 



l+Vl + XP) 



1 zt VI + 2P? 



3* 



s = 



• (X*_ x — «X 2i ) — ^-i ^Y 
v 2 x *' 1 ± VI + 2P? 

X (P v ^ + *P„) (ja^-jZJ _ 



n— 1> 



-y * 

1 ■-*■»-!• 



(14) 



ld=Vl + 2Pf 
For n = 4 *&e group G n+1 . n +2 becomes the general projective group in 

2 

3-space and L the classical transformation of Lie. 

The same transformations L~ l G n +i.n+2 transform the asymptotic curves 

2 

on an (n — 2) -spread M n _ 2 in #„_! into lines of curvature on the transform 
of M n _ 2 in the space S n _ 1 . 

The differential equations of the asymptotic curves on M„_ 2 are 

n — 2 



' 2 ' 
n — 4 



dXidp n _^ + dyjdq n _ 2 = 0, i = 1, 2, . . 

2 2 

dq k dp n ^. t — dp k dq n _<t =0, & = 1, 2, . . 

~~2~ 2 

wfciZe tfftose o/ the lines of curvature on the transform of M„_ 2 are 

(dX< + P t dX n _ x ) dP n _ 2 — (d*X„_ 2 + P.^dZ,.!) dP< = 0, 
i = 1,2, . . . ., n — 3. 

The last statement may be proved as follows : 



(15) 



(16) 



* These formulae are generalizations of those obtained by Darboux in his Legons, Vol. IV, p. 175, 
for w = 4. We note that the correspondence is one-to-two on account of the double sign of the radical; 
i. e., to a flat corresponds one sphere, while to a sphere correspond two flats. 
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On the (n — 2) -spread in *S'„_ 1 the surface-elements along a line of curvature 
must be functions of a single parameter. If two consecutive surface-elements 
(X f -j- dX if Pi-\- dPi) and (X if P t ) shall belong to the same curvature-sphere, 
it is necessary and sufficient that the corresponding consecutive normals at the 
two points intersect. We have then 

Z l = X t + tP i , X n _ 1 = X n _ 1 -t, (* = 1,2, ....,« — 2), 

where X ir X„_ 1 are the running coordinates of the normal. But two con- 
secutive normals will intersect if 

dXi + P t dt + tdP i = 0, 

dX n _ 1 = dt; 

eliminating t and dt from these equations, we obtain the system (16) written 
above. Q. E. D. 

If we introduce Euler's transformation E, 



x, 



K u , Vi = Pi, Pi=>— a t , Qi^F'^, s = F-—'2a i F' at , 



and superpose it on the group G n+1 .„ +2 , we obtain oo 2 contact-transf or- 

2 

mations E G n+^.n+2 which transform the asymptotic lines on M n _ 2 into the 

2 

Euler lines on the transform in S n _ x . Further, if we introduce the variables 
a t , fti, F' a( , F' Pi in the group (12), we obtain a group which has the property 
of leaving invariant the oo n quadrics 

F — aSafP, -hXbj^ + 2c,& + d; 

it is a subgroup of the group (56) in Vol. II, p. 512, of Lie's Theorie der 
Transformationsgruppen. 

If we inspect more closely the group (12), we find that it contains a sub- 
group of linear transformations, which we write as follows, omitting the terms 
due to the extension of the transformation : 

a/ df df df df df_ df df . df 

dz' dx t ' dy t ' *3i' y '3i' h dx h ^ yk dy~ h ' Xh dx~^ yi >dy~S 

**!&' ^af.' Xx *w 20 i + 2 (^a| + ^a|.)- 

The remaining point-transformations are not projective except in the ease 

n — 4. Hence, */ n > 4 there exists a group of oo v 2 ; linear transformations 
which will leave invariant the oo " flat spreads (13), and which transform the 
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asymptotic lines on an M n _ 2 into asymptotic lines on its transform. In these 

( n 2) (n 4) 

transformations are contained the following - ^ '- rotations : 

o 

3/ 3/ , 3/ 3/ 

^ Xi te+ y *dy-- yi dy- h > 

k = 1, 2, . . . . , — g — > * = 1, 2, . . . . , g ? «; tF *, 

and the w — 1 translations J-, -?J- , vJ- . 

oz oXi oyi 

Application of the above theory to differential equations will be made in 
another paper- 

West Virginia University, February 22, 1912. 



